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Abstract. We investigate the following quasilinear parabolic and singular 
equation, 

ut - ApU = ^ + fix, u) in (0, T) X Q, 

) u = on{0,T) X dn, u > in (0, T) x Q, 
u{0, x) = uo{x) in C, 

where f! is an open bounded domain with smooth boundary in M.^ , 1 < p < oo, 
< <5 and T > 0. We assume that (x, s) £ U X K+ — f{x, s) is a bounded 
below Caratheodory function, locally Lipschitz with respect to s uniformly in 
X £ Q and asymptotically sub-homogeneous, i.e. 

f(x t) 

(0.1) 0< lim ■'^ ' ' = af < Ai(n), 

^ ' - t-^ + oa tP-1 ^ /' 

(where \i{Q) is the first eigenvalue of — Ap in Q with homogeneous Dirichlet 

boundary conditions) and uq £ L°°(f2) n Wq'^(Q), satisfying a cone condition 

defined below. Then, for any 5 G (0, 2 H ~[): we prove the existence and 

the uniqueness of a weak solution u G 'V{Qt) to (Pt). Furthermore, u G 

C([0, T], Wq'''(Q)) and the restriction 5 < 2~f ^ij- is sharp. The proof involves 

a semi-discretization in time approach and the study of the stationary problem 

associated to (Pt)- The key points in the proof is to show that u belongs to 
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L°°(0,r;Vl/-i'P'(n)) and u^-^ G L°° (0, T; (H)). When t is non- 

-incrcasing for a.e. x G H, we show that u(t) —> Uao in L°°(Q) as t — > oo, 
where u^o is the unique solution to the stationary problem. This stabilization 
property is proved by using the accretivity of a suitable operator in L°°(f2). 

Finally, in the last section we analyse the case p = 2. Using the interpo- 
lation spaces theory and the semigroup theory, we prove the existence and the 
uniqueness of weak solutions to (Pt) for any 5 > in C{[0,T], L'^(n))nL°° (Qt) 
and under suitable assumptions on the initial data we give additional regular- 
ity results. Finally, we describe their asymptotic behaviour in L°° (Q) n Hq (f2) 
when 5 < 3. 
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Introduction 

In the present paper we investigate the following quasilinear and singular par- 
abolic problem : 



Ut - ApU = "5 + fi^^ ill Qt, 
u ~ on St, u > in Qt, 
^ u{0,x) = uq{x) in Q,, 



where fl is an open bounded domain with smooth boundary in (with N > 2), 1 < 
p < 00,0 < S,T > 0, Qt = {0,T)xn and St = (0, T) x dfl. We assume that / is a 
bounded below Caratheodory function, locally Lipschitz with respect to the second 
variable uniformly in x G n and satisfying and uq G L°^{fl) D Wq (^)- Such 
a problem arises in different models: non newtonian flows, chemical hetcrcogencous 
catalyst kinetics, combustion. We refer to the survey Hernandez-Mancebo- 
Vega [19], the book Ghergu-Radulescu [14] and the bibliography therein for 
more details about the corresponding models. One of our main goals is to prove 
the existence and the uniqueness of the weak solution to (Pt). We define the notion 
of weak solution for the following more general problem 

Ut - ApU = — + h{^, t) in Qt, 
u ~ on St, u > in Qt, 
u{0, x) = uo{x) in £7, 

where 0<T,he L°°{Qt), 0<d <2 + uq G n W^'^in), as follows 

Definition 0.1. 

V(Qt) [u:u& L°°{Qt), Ut G L''{Qt), u G L°°(0, T; W^J'^'(17))} 
and 

Definition 0.2. A weak solutions to (S() is a function u G V(Qt) satisfying 

1. for any compact K C Qt, essinf u > 0, 

2. for every test function G V((5t)i 

/ \(t)^ - IVmF" VuV0 - cj){^ + h(t, x))\ dxdt = 0, 
JQt \ ot u^ ) 

3. w(0, x) = uo(a;) a.e in $7. 

Remark 0.3. Since every u G V(Qt) belongs to C(0,r; L^(f7)), the third point 
of the above definition is meaningful. 

The approach we use is to study first the existence of solutions to the stationary 
problem (P) that is for g G L°°(17), A > 

(P) I ^-9 ^' 

[ M ~ on do.. 

To control the singular term we need to consider solutions in a conical shell C 
defined as the set of functions v G L°°(r2) such that there exists ci > and C2 > 



A SINGULAR, PARABOLIC EQUATION: EXISTENCE, STABILIZATION 



3 



satisfying 

cid{x) < V < C2d{x) if (5 < 1, 

cid{x)\ogp {-^) < V < C2d{x)\ogp {-^) if 6=1, 

cid{x) "+^-1 <v<C2 (d{x) + d{x)^ if (5 > 1, 

where d{x) dist{x,dfl) and fc > is large enough. Regarding Problem (P), we 
prove the following 

Theorem 0.4. Let g e L°°{n) andO <S <2 + -^. Then for any A > 0, problem 
(P) admits a unique solution ux in 

Concerning the case where 6 > 2 + , we prove the following 
Theorem 0.5. Let g e L°°(f7) andS >2 + ^. Then for any A > 0, problem (P) 

admits a solution ux in W{^^{n) ncn Co{n) such that ux ^ Wo'^'in). 

In view of establishing Theorem 10.121 below, we need to prove the following 
result: 

Theorem 0.6. Let < S < 2 + ^ and f : x R+ ^ M. be a bounded below 
Caratheodory function, locally Lipschitz with respect to the second variable uni- 
formly in x G O, satisfying (jO.ip and such that ^^^ll^ is a decreasing function in 
M+ for a.e. x e il. Then there exists a unique Uoo in W^^P{n)r\Cr\Co{n) satisfying 

(Q)<[ ^'-^^ < 

on dil. 



-Apitoo - — =/(x,Moo) in fl, 



Using a time discretization method, Theorem 10.41 energy estimates and the 
weak comparison principle (see Cuesta-Takac [7], Fleckinger-Takac [T3]). 
we prove the following 

Theorem 0.7. Let < 6 < 2 + h e L°°{Qt) and uq G W^'^{n) D C. Then 
there exists a unique weak solution u to 



(0.2) 



ut — ApU = — r + h(x, t) in Qt, 
u° 

u = on St, u > in Qt, 



^ u{0,x) = uo{x) in fl, 

such thatu{t) G C uniformly for t G [0,r]. Moreover, u belongs to C'{[0,T], WQ'^{fl)) 
and satisfies for any t G [0, T] ; 

(0-3) r / (?^)'da;ds + - / \Vu{t)\Pdx - f u^-^it)dx 

Jo Jn of p J^^ 1- d 

^ h-—dxds + — [ \Vun\''dx — r ( u\^^dx. 



Jn 9t p Jf_^ 1-d 

Remark 0.8. Saying that u{t) G C uniformly for t G [0, T] means that there exists 
u,ueC such that u{x) < u{t, x) < u{x) a.e {x, t) G x [0, T]. 

Remark 0.9. By Theorem 10. 5[ the restriction 5 < 2 -\ — ^ is sharp. 
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Moreover, we have the fohowing regularity resuh for solutions to ()0.2p which is 
obtained from the theory of nonlinear monotone operators of [4] : 

Proposition 0.1. Assume that hypotheses of Theorem \ 0. 7\ are satisfied and set: 



dcf 



(0.4) V{A)''^' '{v eCnW„'P{n)\Av 

-L°°(n) 



If in addition uq G 
and satisfies 



then the solution u to (|0.2p belongs to C([0, T]; Co(ri)) 

L°°(Q.) 



(i) if V is another weak solution to (St) with initial datum vq G T^iA) 
and nonhomogeneous term k G L°°(Qt) then the following estimate holds: 

(0.5) ||u(t)-w(t)|U=o(fj) < ho-"o||L-(f2)+ / ||Ms)-fc(s)||L~(o)ds, < t < T. 

Jo 

(ii) if U(i G V{A) and h G W^ \Q,T-L°°{^)) then u G W^ °°{Q,T-L°°{n)) 
and ApU + u^^ G L°°{Qt), and the following estimate holds: 

du{t) 



(0.6) 



dt 



f 


dh{t) 


Jo 


dt 



<\\ApUo + u„^ + h{0)\\L^^n)+ I dr. 
L°°(o) Jo ™ L°^{n) 

Concerning problem (Pt), we have the following 

Theorem 0.10. Let < S < 2 + ^jzj- Assume that f is a bounded below 
Caratheodory function, and that f is locally Lipschitz with respect to the second 
variable uniformly in x & and satisfying (jO.ip . Let uq G Wq'^{Q,) DC. Then, 
for any T > 0, there exists a unique weak solution, u, to (Pt) such that u{t) G C 
uniformly for t G [0,r], u G C{[0,T], W^Q^'^(f2)) and u satisfies for any t G [0,T].' 



(0.7) 



Jn^dt> 



F{x,u{t))dx + 



P Jn 



iVwordx 



1 

P Jn 
1 

l-S 



\7u{t)\Pdx- 



ul-^dx 



1 



u^-\t)dx 



l-S 

F{x, UQ)dx, 



where F{x, w) f{x, s)ds. 

A straightforward application of Proposition 10.11 yields the following 
Proposition 0.2. Assume that conditions in Theorem \ 0.1U\ are satisfied. If in 

L°°(S1) 

■ Uq G T){A) , then the solution u to (Pt) belongs to C([0, T]; Co(f2)) 

and 

(i) there exists w > such that if v is another weak solution to {Pt) with 

L°°(n) 

initial datum vq G T>{A) then the following estimate holds: 

\\u{t) - v(OIIl-(o) < e"*||uo - voh^in), < t < T. 

(ii) if no G V{A) then u G M^i'°°(0, T; i°°(17)) and ApU + u.-^ G L^{Qt), 
and the following estimate holds: 

< e"*||ApUo + V~ + /(a^."o)||L-(o) 

Remark 0.11. The constant w given above is equal to the Lipschitz constant of 
f{x,-) on [u,u] where u and u are respectively subsolution and supersolution to 
(Q) given in (|3T2l) and (|33| below. 
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From Theorems 10. 101 and I0.6| we can show the following asymptotic behaviour 
for solutions to (Pt): 

Theorem 0.12. Let hypothesis in Theorem \ 0.10\ satisfied and assume that '^^pli' 
is decreasing in (0,oo) for a.e. a; G fJ. Then, the solution to (Pt) is defined in 
(0, oo) X O and satisfies 

(0.8) u(t) -5- in L°°{fl) as t ^ oo, 

where Uoo is defined in Theorem \0.b\ 

Concerning the non degenerate case, i.e p = 2, we can give additional results. 
In particular, we prove the existence of solutions in the sense of distributions for 
any < (5. Precisely, 

Theorem 0.13. Let Q < 5 and p ^ 2. Let f satisfy assumptions in Theo- 
rem \0.1U\ and uq G C Then, for any T > 0, there exists a unique solution 
u G C{[0,T], L'^{Q)) n L°°{Qt) to (Pt) in the sense of distributions, that is u e C 
uniformly in t G [0, T] and for any <j) G 'D{Qt), we have 

(0.9) - j u^dxdt- J uA(j)dxdt^ J (^-^ + f{x,u)^ (jydxdt. 

In addition, we have for < ry small enough, the following regularity property: 

(i) if6<^ andua eCr\H^-"{n), then u e C{[0,T]; H^-'J{n)) ; 

(ii) i/i < 5 < 1 and uo CzCr\Hi-^-'^{n), then u G C([0, T], iJ3-'5-'?(17)) ; 

(iii) ifl<5 and no e C H H^+^-'' {n), then u G C([0, T], ff 5 + 7TT-')(f7)) . 
Moreover, 

(iv) if ui, U2 are solutions corresponding to initial data ui o S C, U2,o G C 
respectively, then there exist u,u in C and a positive constant u (propor- 
tional to the lipschitz constant of fix, ■) in [0, ||u||oo]J such that 

(0.10) \\u^{t)-U2{t)\\L^n) < e^'^-^'^'\\u^^o-U2,o\\L^(n) and u<v} <u, i^l,2. 

(v) if f{x, ■) is a nonincreasing function then (jO.lOp is true with lo = 0. Then, 
the solution to (Pt), u, defined in (0, oo) satisfies u{t) — > Uoo as t — > +oo 
in L^(r2) where Uoo is the solution given in Theorem lO.fA 

Remark 0.14. In particular, if 5 < 3 and uq G i?Q(f2), then we recover u G 
C([0,T]; HQ{D, j). Note also that for arbitrary S > there is e > such that 

u G C{[0,T]; Hl+\n)) if uo e Hi'-'in). 

Theorem 10.131 is established using the interpolation theory in Sobolev spaces 
and the L^ — L'^-maximal regularity results of the linear heat equation. Under 
the assumptions given in Theorem 10. 6[ we can derive from Theorem 10.131 some 
stabilization properties. Precisely, we prove 

Theorem 0.15. Let p = 2, S < 3, uq E C D Hgi^)- A ssume that f satisfies 
assumptions of Theorem lO.lSl Then, the solution to (Pt), u, defined in (0,c») x f2 
satisfies u{t) — >■ Uao as t -> +00 in L°°{n) n H^{n) wh ere Uoa is the solution given 
in Theorem \U.b\ 

We give now briefly the state of art concerning parabolic quasilinear singular 
equations. The corresponding stationary equation was studied profusely in the 
litterature. In particular the case p = 2, mostly when 6 <1 and also when g depends 
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on u was considered in detail (see the pionniering work Crandall-Rabinowitz- 
Tartar [6], the bibhography in Hernandez-Mancebo [H] and Perera-Silva 
[23]). The case p ^2 was not considered so far. We can mention the work Aranda- 
GODOY [Sj where existence results are obtained via the bifurcation theory for 1 < 
p < 2 and g = g{u) satisfying some growth conditions. In Giacomoni-Schindler- 
Takac |15j the existence and multiplicity results (for 1 < p < oo g{u) — u'' with 
p — 1 < q < p* — 1 and < (5 < 1 are proved by using variational methods 
and regularity results in Holder spaces. Concerning the parabolic case, avalaible 
results mostly concern the case p = 2. In this regard, we can quote the result in 
Hernandez-Mancebo- Vega [19] where in the range < S < ^, properties of the 
linearised operator (in Co(0)) and the validity of the strong maximum principle 
arc studied. In Takac [25| . a stabilization result in is proved for a class of 
parabolic singular problems via a clever use of weighted Sobolev spaces. We also 
mention the work Davila-Montenegro |8] still concerning the case p ~ 2 and 
with singular absorption term. In this nice work, the authors achieved uniqueness 
within the class of functions satisfying u{x,t) > c dist{x , dQ)'^ for suitable 7 and 
c > and discuss the asymptotic behaviour of solutions. Finally, we would like 
to quote the nice paper Winkler |30j where the author shows that uniqueness is 
violated in case of non homogeneous boundary Dirichlet condition. 

The present paper is organized as follows. The two next sections (Section [l] 
Section [5]) contain the proofs of Theorems 10. 4[ 10.51 10.71 and Proposition 10.11 Theo- 
rems [0]6l|0lT0l|0lT2] and Proposition l0.2l are established in scction|3l Finally, the non 
degenerate case (i.e. p = 2) is dealt in Section [4] where in particular Theorems lO.131 
and lO.lSl are proved. 

1. Proof of Theorems 10.41 and 10.51 

We first prove Theorem 10.41 

Proof. First, let us consider the case S < 1. For A > 0, we define the following 
energy functional : 

Ex{u)=^- [ uMx+- [ \\7u\Pdx ^ / (u+y-^dx- I gudx. 

^ Jn P Jn 1-0 Jn Jn 

Ex is well-defined m. X = 1^0-^(0) li p > li I < p < Ex is well- 

defined m X = Wq'P{Vl) n L^(0). It is easy to see that Ex is stricly convex, 
continuous and coercive in X. Thus, since X is reflexive, Ex admits a unique global 
minimizer denoted by ux- We show now that ux & C. Let 4>i be the normalized 
positive eigenfunction associated with the principal eigenvalue Ai(f2) of — Ap with 
homogeneous boundary Dirichlet conditions (see Anane [l] , |2] for further details) : 

(1.1) - Ap0i = Ai in SI; 0i = on 90, 

4>i G W^o^'^(f^) is normalized by 0i > in and /^^ (f)\ dx = 1. Note that the strong 
maximum and boundary point principles from Vazquez |29l Theorem 5, p. 200] 
guarantee > in and < on dVL, respectively. Hence, since G C^(f2), 
there are constants £ and L, < £ < L, such that £d{x) < 4>i{x) < Ld{x) for all 
X E Vl. Moreover, we observe that for e > small enough (depending on A, 5 and 
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g) we have 

(^2) ^ £01 - A(Ap(£(/)i) + (^^^^y ) <9 inf^, 

£01 = on dQ. 

Thus, for i > 0, we set v\ {e(j>i — u\)~^ and x{t) '= E\{u\ + tv\). From the 
Hardy Inequahty, it fohows that x is differentiable for t G (0, 1] and 

X'{t) E'^{ux+tvx),vx > . 

The optimality of ux guarantees x'(0) = and the strict convexity of Ex ensures 
that t —5- x'{t) is increasing. Therefore, with (|1.2p wc obtain that 

0<x'il)=<E'x{e^,),vx><0 

if vx has non-zero measure support. Then £0i < ux and Ex is Gateaux-differentiable 
in Ux- Consequently, for any (j) £ X, 

< E'xiux),(p >=< ux - X{ApUx + ■\) - .9,0 >= 0. 
We observe that if (5 < 2 H — ^ then 

(1.3) u^u-X{ApU-^) is monotone from W^o'^(f]) nC to W^~^'5^ (17). 

Then, by the weak comparison principle, we have also that 

ux< M 

for any M > \g\L'^(m + . Then, ux G L°"in). Let U G C^'°'{n)nC (with 

suitable < a < 1) be the unique positive solution (see Giacomoni-Schindler- 
Takac |15[ Theorem B.l] for the existence and regularity of U) to 

/ — A„u = mil, 



u" 

u = on dil. 



(1.4) 

Therefore, observing that for M' > 0, 

m'c/-a(a,(a/'c/) + ^^) = M'U + '^^''""^^ '"'^'^ inn 

M'U =0 on dfl, 

and by the weak comparison principle, we get that ux < M'U for M' large 
enough. Together with £01 < ux, it follows that ux G C. Again using Giacomoni- 
Schindler-Takac HH Theorem B.l], we get that ux G C^'"(fl) and then ux G 

Coin). 

We consider now the case S > 1. We use in this case the weak comparison 
principle, the existence of suitable subsolutions and supersolutions of the following 
approximated problem : 

u-X(^ApU+ = .g infi, 

u = on dil, u > Q m il. 



(P.) 



Using a minimization argument as in the case 6 < 1, we get the existence and the 
uniqueness of the solution to (P^), denoted u^, in W^'P{n)+ n L°°{n). From the 
elliptic regularity theory (see lieberman [20j). we obtain that Ue G C^'"{il,) for 
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some a G (0, 1). Wc now construct appropriate subsolutions and supersolutions for 
(Pe). For (5 = 1, by straightforward computations we have that for A > large 
enough (depending on the diameter of fl), and for 77 > small enough (depending 
on A and g but not on e) 



(1.5) 



ln( 



A 



with e' > satisfying e = e'[ln(p-)] p , is a subsolution to (Pe). Similarly, for M > 
large enough (depending on A and g but not on e) 



(1.6) 



ln(- 



A 



' M(j)i + e' 

is a supersolution to (P^) satisfying > u^. If (5 > 1, we consider the following 
subsolution and supersolution respectively: 



(1.7) 



dcf 



for 77 > small enough and 
(1.8) ~ 



M 



5 p j p-i+d 



for M > large enough. Since the operator u — ?■ —ApU — ^^^^^^ is monotone from 

(Wo^'''(r2))+ to W~^''^ (ft) (see Deimling [9] for further details about the theory 
of monotone operators), we get from the weak comparison principle that 

(1.9) < Ue < Ue- 

Again from the weak comparison principle, we have that 



< ei < 62 



Ue2 < "ei 
■f £1 < 



£2 



in fi, 
in r2, 



from which it follows that {ue„)nGN is a Cauchy sequence as e„ — >■ 0^ in Cq{^1). Then 
ite^ — >■ M in Co(ri) and by passing to the limit in (|1.9p we deduce that u < u < u 
where u and u are the respective subsolution and supersolution to (P) given by 



(1.10) 



-^1 In(^) 



if (5 = 1, 

if 5 > 1, 



and 



(with A, M > large enough and 77 > small enough, depending on A. g). Then 
it follows that u G C f) Co(fi). Let us show that it is a weak solution to (P). Since 
S < 2 + . we get from (|1.9p and the Hardy Inequality that 



lim sup 

new 



rdx < +00, 



and consequently, by multiplying by u^^ the first equation of (P^) and integrating 
by parts, we obtain sup ||j^i,p,j^x < +00. Moreover, by subtracting (Pe„) to 

(Pe^) and recalling the following well-know inequality for p > 2, w,v m W^'^{il) 
and suitable Ci > 0, 



(1.11) [ {\Vw\P'^\7w^\\7v\P-^Vv)'^{w-v)dx>Ci [ |V( 



v)\Pdx 
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and the following well-know inequality for p < 2, w,v in. W-^'P{fl) and suitable 

C2 > 0, 

(1.12) 

C2(/o|V(u;-z;)rd.T)^ 



{\Vw\P-^Vw-\Vv\P-^\'v)V{w-v)dx > 
we obtain 

r Cih,„-zi,„ii^,„^^^ ifp>2, 

Then wc deduce that u^^ is also a Cauchy sequence in WQ'P{il) as e„ 0+ and 
that We,^ — w in WQ^'^(f2). Thus, it is easy to derive that u is a weak solution to (P). 
Finally, the uniqueness of the solution to (P) in WQ^'''(r2) nC follows from (|1.3p . □ 



We prove now Theorem 10.51 

Proof. Let 5 > 2+^. We give an alternative proof for existence of solutions. 
Let {Qk)k be an increasing sequence of smooth domains such that 57^ f SI (in the 
Hausdorff Topology) and ^ < dist(.T,9il) < |, Vx € fifc. We use the sub-solution 
and super-solution technique in flk and pass to the limit as fc — ?• 00. For < 77 < A/, 
let 

dcf , I E _ dcf , / \ £ 

u = ri{4>i)v-i+s ^ u = Af(0i)p-i+'' . 

For rj small enough and M large enough, u and u are respectively a subsolution 
and a supersolution to (P) and both belong to CC\Cq{^). By using a minimization 
argument in WQ'^(17fc) as in the case 5 < 1 (note that the term associated to 
in the energy functional is not singular since w > on dVLk)^ there is a positive 
solution Vk & Wg'^(ilfe) to 



u — X(A„(u + u) + -t) =g — u in fifc, 

[u + u)" 

u =0 on dflk- 



From LiEBERMAN [20], Vk G C^''^(rifc) for some /S e (0,1). Then, Uk u + u e 
C^^^iTlk) satisfies 

Uk - \(ApUk + —r) =g inf^fc, 

u =u on dVlk- 

and u < Uk < u holds. From the weak comparison principle, we have that Uk < Wfc+i 
inilfe, and if Ufe S Co(ri) denotes the extension of by u outside ilfc, thenw < Ufc < 
Uk+i < u and by Dini's Theorem, Wfc — > u in Co(f2)nC. Moreover, for every compact 
subset /C of and k large enough so that /C C fifc, we have -4" = ^ < ^ G L°°(/C) 

and ApUfc = ApW^ = —g + Uk — ^ bounded in L°°{1C) uniformely in k. Then using 

local regularity results (see for instance Serrin [24], Tolksdorf [27] and [26] . 
DiBenetdetto for k large enough we get that Uk is bounded in C^(/C) and 

then converges to u in M^i-P(/C). Then u < u = lim G M^iof (^) and satisfies 
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(P) ill the sense of distributions. Let us show that u ^ VFQ^'^(ri). For that, we argue 
by contradiction: assume that u £ WQ^'^(r2). Then, from the equation in (P), we 
get that ^ e W~^'^{n). Thus, J^u^-^dx < J^-^u^'^dx < +00 which contradicts 
the definition of u. The proof of Theorem 10.51 is now complete. □ 



2. Proof of Theorem [0771 and Proposition [OTT] 

Using Theorem 10.41 and a time discretization method, we prove Theorem 10. 71 

Proof. Let G N*, n > 2 and At = ^. For < n < iV, we define t„ =^ nAt, 
^ J*^_^ h{T, •) dr G L°°{n) and the function /ia* e L°°{Qt) as fohows: 

/iA,W VtG [t„_i,i„), VnG {l,...,iV}. 

Notice that we have for all 1 < q < +00: 

(2.1) I|/ia.||l,(q,) < {TM)-^\\h\\^, 

(2.2) /lA. ^ hinL'i{QT). 

From Theorem|Ol](with A = At, g = At/i"+M"-^ G i°°(r2)), we define by iteration 
G Wg '''(fi) n C with the following scheme: 



(2.3) 



(m")'5 



/i" in 
on 



and vP = Ufj ^ Wq ^{VI) HC Then, defining functions UAt, "At by: for all n G 
{1,...,^}, 

(2.4) Vt G [t„-i,t„). 



WAt(0 =^m", 

/ ,\ dcf ^71— 1)/ 71 77 — 1\ , ri — 1 



we have that 
(2.5) 



diiAt 



ApUAt 



1 



= hA,eL^iQT)- 



dt ' ' UAt'' 
Using energy estimates, we first establish some apriori estimates for ua^ and 
UAt independent of At. Precisely, multiplying (|2.3p by Atu" and summing from 
n = 1 to iV' < iV, wc get for e > small, by the Young Inequality and p.ip . 



N' 



u"-i)M"dx + A 



N' 

El 



,nup 



(2.6) 



c(e)r|r!|||/i||^ + 



N' 

' E / i^n'-'dx 

N' 
n=l 



< 



In addition, 

N' 

E/( 



N' 



Wdx 



-E 
2 ^ 

?i=i 



,n-l |2 



,"|2 



,n-l |2 



)da; 



(2.7) 



1 ^' 



|u"-u"-i|2da;+- 



|uo|^dx. 
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Next, we estimate the singular term in the above expression. For that, arguing as 
in the proof of Theorem 10.41 we can prove the existence of u, m G W^'^^fl) D C such 
that u < uq < u (since uq g C) and such that 

-ApU - ^ < -|1/i||l=o(q^) inrj. 



-ApU - — 
u° 



>\M 



in n. 



Indeed, if (5 < 1 choose u = and u = AIU with U solution of (|1.4p and if 5 > 1 
choose u. u as in (|1.10p . where A > 0, A/ > are large enough and > is small 
enough. Note that A, M, rj depend on H/iH^ooj-Q^-). Then iterating the application 
of the weak comparison principle, we obtain that for all n G N, u < m" < m which 
implies that 

(2.8) u < UAti UAt < u. 

Therefore, since S < 2 + , 

T 1 u^'^dx <+oo if (5 < 1, 



N' 



T / u'^^^dx < +00 if (5 > 1. 



(2.9) 



Gathering the (j^ . (PT7)) . and (^3]) . we get that ua„ UAt e C uniformly and 
are bounded in iP(0,r; Wo'P(f7))nL°°(0, T; i°°(f7)). We now use a second energy 
estimate. Multiplying (|2.3|) by u" — w"^^ and summing from n = 1 to iV' < iV, we 
get by the Young Inequality 

N' 



N' 



At 



N' 



(2.10) -J2 

n=l 

which implies that 



n 



dx 



-dx < 



(/i")2da;+ / ( 



n=l 



A 



N' 

E 



A, 



dx 



N' 



N' 



-fdx 



(2.11) 



n=l 

N' 

E 



T 



^-^dx<\n\-\\h\\l^^Q^y 



From the convexity of the terms /^^ |Vw|^dx and In^^ ^'^^ derive the 

following estimates: 

(2.12) 

^ ^ — ^ < [ |Vm"|p-2vw"V(w" -u"-i)dx. 



P 



Vw"Pdx- / |Vu"-i|fda; 



1 



1-S 



{u"-^)^-^dx - I (u")^-*d.T 



,n\l-5^ 



< 



(u") 



-dx. 
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Therefore, gathering the estimates (|2.11|) and (|2.12p . we get 

N 



A, 



E 



da; 



iVw^Vda; 



(2.13) 



iu^')'-'dx 



The above expression together with /jj(u")^ ^dx < max {J^^{uY ^dx, J^{uy ^dx} 
yields 

duAt 



dt 



is bounded in L (Qt) uniformly in At 



(2.14) 

(2.15) UAt, UAt are bounded in L°°{0,T; Wo'P(f7)) uniformly in A 

Furthermore, from above there exists C > independent of At such that 
(2.1 



UAt - ■"aJ|l~(o.T;L2(o)) < max \\u 



u''-'\\LHn)<CiAt)--. 



Therefore, taking N oo (which implies that At — !■ and up to a subsequence, 
we get from (|2l4| and (f2T5l) that there exists u,v G L°°{0,T; W^'^'in) D L°°{n)) 
such that ^ e L?{Qt), u, v £ C uniformly and as Af — > 0+, 



(2.17) 
(2.18) 

(2.19) 



"At 



UA.^u mL°°{0,T;Wo'^{fl)r\L°"in)), 
' V mL^{0,T;W^'Pin)nL°^{n)), 

, it follows that u < u < u. 



dt 



V. Moreover, from 



From (P?TB)) . it follows that u 
Therefore, u € V(Qt). 

Next, let us prove that u satisfies (in the sense of Definition 10. 2p the first 
equation in (St). Using the boundedness of in L'^{Qt) given by (|2.14p . we 

first get that {uAt}At is cquicontinuous in C(0,T; L'^(n)) ioi 1 < q < 2, and 
thus with u < UAt — ^ and the interpolation inequality || • \\r < || • ||^|| • ||2~"i 
i = ^ + we obtain that {uAtlAt is cquicontinuous in C(0,r; L'^{^)) for any 
1 < g < +0O. Moreover, since {uAt}At is a bounded family of VFo'^(ri) which is 
compactcly embedded in L''{fl) for 1 < q < j^^^, and from Ascoli-Arzela Theorem, 
and using again the interpolation inequality, we get as Aj 0+ that up to a 
subsequence 

(2.20) UAt-^u in C(0,r; L9(17)), Vq > 1, 

and then, from (|2.16l) (with the interpolation inequality for q > 2), it follows that 

(2.21) UAt^u in L°'(0,r; L'?(0)), Vg > 1 

as At 0+. Thus, muhiplying (^3]) by (maj - u) and using dODll-dMIl), we get 
by straightforward calculations: 



fl 


duAt 


du 


Jo Jn 


dt 


" 'dt_ 










io 


/ "a 






Jn 



[uAt ~ u)dxdt 



UA^iuAt ^ u)dxdt 



< ApUAt,UAt — u > dt 



hAt ("At - u)dxdt + OAt (!)• 
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From ([231) and (|2:20| . we have that 

/ u^^^{uAt - u)dxdt = OAti^), 
JQ Jn 

and from (P?T|) and (|2.20p we have 

/ / {uAt - u)dxdt = OAt (1). 
Jo Jn 

Then, 

7: I \uAt ~ u\^{T)dx - I < ApUAt - ApU,UAt - u > dt = OAtC^)- 
^ Jn Jo 

Therefore, using (|2.2ip . u ^ and the inequahty (|l.lip with w — WAt(i) and 
V = u(t) we obtain that ua^ u in LP{Q,T\ Wo'^(r2)) and 

(2.22) - ApUA,^ -Apu mLV^{Q,T;W-^'V^{n)). 

Moreover, from ([21]), for any cj) e Wl'^\n) 



n {UA,Y 



p-i 

dx 



<i M.dx< f(Mdx]n' .(f(^\dx 



[uY ~ \Jn\iuy J / \Jn\dix 



-^dx < +00. 



and since S < 2 + 



in \ Hl 

Then, from the Hardy Inequahty and from the Lebesgue Theorem, we obtain 
(2.23) inL-(0,T; W^-i^5^(f])). 

Therefore, from (|2:20| . ^(TTi) . ([222]), ([2:231) we deduce that u e V{Qt) 

satisfies (Pt). 

Let us now show that u is the unique weak solution such that u{t) E C, E 
[0,r]. Assume that there exists v ^ u a, weak sohition to (Pt) satisfying v{t) EC, 
Vt G [0,r]. Then, 



J J ~^~dt~^^^ ^ v)dxdt - J < ApU - ApV, u - v > dt 

{U-^ -V-^){u~v)dxdt::^0. 



Jn 



The above cquahty together with u(0) = v(0) imply u — v. 

To complete the proof of Theorem [OJl let us prove u E C([0, T]; Wq '^(O)) and 
([Q]) . First, we observe that since u E C([0, T],L'^{n)) and u E L~(0, T; ^^'^(fi)), 
it follows that u : t G [0, T] — >■ Wq'^{Vl) is weakly continuous and then that u{to) E 
Wo'P(17) and ||u(to)lliyi'''(m < liminf [["(Ollw^-fm aU E [0,r]. From 
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(1213)) (with J^uLn" foi' 1 < A^" < N' instead of and (l2:23l) . it 

follows that M satisfies for any t G [to,T]: 

f I {^fdxds + - I \Wu{t)\Pdx ^— I u{t)^-^Ax< f f h^dxds + 

J to Jn ot PJn Jn J to Jn ot 

(2.24) - [ |V«(io)rd.T--l- / u{to)^-'dx. 

From (|2.24p and Lebesgue Theorem, it follows that 

limsup||w(i)||^^i,P(j2) < ||u(<o)|Im/^i-p(o) 

and then u{t) — > u{to) in VK(J'^(i7) as t ^> to^ which implies that u is right- 
-continuous on [0, T]. Let t > Iq. Let us now prove the left-continuity. Let 

< k < t - to- Muhiplying ([021) by Tk{u){s) "(^+^-"('^) and integrating 
over (tQ,t) X ri, we get, using convexity arguments, that 



u{s + k)\P - \Vu{s)\P)dxds 



1 



{u'-%s + k) - u'-\s))dxds > / / hTk{u)dxds. 
n J to Jn 



(1 - S)k ^ 
Then, 

/" f ^rk{u)dxds + ^{ [ ^ f \\/u{s)\Pdxds - [ [ \\/u{s)\Pdxds) 
Jto Jn ot kp Jt Jo Jto Jn 

1 rt+k !■ rto+k rt n 

-i / {u^'\s)dxds - / u^~\s))dxds) > hTk{u)dxds. 



{1 — 6)k Jf. Jq Jti^i Jf^^ 7o 

Since u is right-continuous in VFq^'^(51) and by Lebesgue theorem, we get as k 0^ 

T [ Nu{s)\Pdxds [ \\/u{t)\Pdx, 

k Jt Jn Jn 

1 
k 

1 

k 

1 

k 

From the above estimates, we get as fc — > 



to+k p p 

/ \\/u{s)\Pdxds / \\/u{ta)\Pdx, 

to Jn Jn 

t+k 

' u^-^{s)dxds -> / u^-^{t)dx, 
n 

to+k p 

/ ui-'^(s))da;d.s -+ / u{toy-^dx. 
to Jn 



f I {^fdxds^- f \\7u{t)\Pdx 
Jto Jn ot p 



1 



1 



u{ty-'^dx > 

n 



\^dxds + - f |Vii(to)rdx--l- / u{toy-'dx, 
to Jn ot P Jn 1-0 Jn 

which implies together with p.24p that the above inequality is in fact an equality. 

Then together with the fact that t — >■ ^^u^~^ [t)dx is continuous, it follows that 

u e C([0, T], WqP{^)). Finally ([03]) is obtained by setting <o = 0. □ 

We end this section by proving proposition lO.il 
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-L°°(0) 



Proof. Assume that uq e 'D{A) , where A and 'D{A) are defined in (|0.4I) . 
From (|1.3I) . A is m-accretive in L°°(ri). Indeed, for f,gG and A > 0, set u 

and w G I'(A) (given by Theorem I0.4|) satisfying 

u — XAu = / in 51, 

(2-25) , , . ^ 

^ V - XAv = g m fl. 

From (|2.25|) and defining it; (u — u — ||/ — .9||L°o(f2))^> we get that 
w'^dx + X < Au- Av,w >W'i,p'(m w^'^m)^ 0- 

From or p.l2p it follows that u ~ v < \\f ~ g\\L°^[a) and reversing the roles 

of It and we get that ||m — i'llLoo(n) < ||/ — ff||L°°(o)- Then Proposition 10. II can be 
obtained from [4l Chap. 4, Th. 4.2 and Th. 4.4]. However, in order to be complete 
and self-contained, let us briefly explain the argument. In the following, || • ||oo 
stands for the norm of L°°{^). For z G 'D^A) and r, k in L°°{Qt) let define 

v[t,s) = ||r(0-fc(s)||oo {t,s) e [o,r] X [o,r], 

and 

b{t,r,k) = \\uo - z\\oo + \\vo - z\\oo + \t\\\Az\\oo 

+ f |!r(T)|Ioodr+ / ||fc(T)||oodr, t e [-r,T], 
Jo Jo 



and 



^{t, s) = b{t - s,r,k) + 



[ ip{t- s + T, T)dr if < s < t < T, 
"t 

/ V3(r, s-t + r)dr if < i < s < T, 
Jo 



the solution of 



(2.26) 



—{t,s) + —{t,s) = ^{t,s) (t,s) e [o,r] X [o,r], 

ot OS 

1'(t,0) = b{t,r,k) te[0,T], 

^(0,5) = bi-s,r,k) se[0,T]. 



Moreover, let denote by (u") the solution of (|2.3p with At = e, /i = r, r" = 
7 /(„_i)e ''('''7 O'^''' s-i^d {"^ri) the solution of (|2.3p with At = ry, /i = /c, fc" = 
i /("'Li)^ ^(''"i 0'^''' respectively. For {n, m) 6 N* elementary calculations leads to 

<-< + 7^(^<-^o = 

e + 77 e + 77 

and since A is m-accretive in L°°{Vl) we first verify that = — w™||oo obeys 

*^',o < b{tn,re,k^) and $0 < 6(-Sm, r,:, fc^). 
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and thus, with an easy inductive argument, that ^^'"^ < '^njn where ^'^''^ satisfies 

^e,ri V ^e,r, ^^<^'') ., + '^^ life" - fe"!! 

£ + 77 e + rj e + 77 

*n,o = b{tn,re,k,,) and ^gj,, = 6(-s™, r^, fc,,). 

For (t,s) G {tn-i,tn)x{s„i-i, Sm) let set ip^'^^it, s) = ||r£(i)-fc^(s)||oo and s) = 

b^,ni^,r,k) = b{t„,r^,k,j) and b^ ^^{-s r,k) = 6(-s,„, r,, fc^). Then sat- 
isfies the following discrete version of (|2.26p : 

^ = V 

e 77 

^-<^.''(t,0) = &,,^(i,r,fc) and *"'''(0,s) = 6,,^(s,r,fc), 

and from h^^^{-,r,k) b{-,r,k) in L°^{[0,T]) and ^ in i°°([0,T] x [0,r]) 
we deduce that p^^jj = — vE'||l=^([o,t]x[o.t]) — > as (6,77) — > (see for instance 

[H Chap. 4, Lemma 4.3]). Then from 

(2.27) \\u,{t) - u^(.s)||oo = s) < *^'''(i, s) < *(i, s) + p,,^, 

we obtain with t = s, r = k = h, vq = uq: 

\\u^{t) - Ur,{t)\\oo < 2\\uo - z||oo + Pe,T,, 

and since z can be chosen in X'(A) arbitrary close to uq, we deduce that is a 
Cauchy sequence in L°°{Qt) and then that ^ u in L°°{Qt)- Thus, passing to 
the limit in (I2.27P with r = k = h, vq = uq we obtain 

r\t-s\ 

\\u{t) ~ U{s)\\^ < 2\\U0 - Z\\^ + \t - S\\\AZ\\^ + \\h{T)\\oodT 



/'max(f,s) 

(2.28) + / ||/i(|i-s|+T)-/i(T)||oodr, 

Jo 

which, together with the density V{A) in L°°{n) and h e L^{0,T; L°°{n)), yields 
u G C([0,T];i°°(17)). Analogously, from (12^7]) with e = r; = At, r = A: = /z, 
Wo = "Uq and t = s + At we deduce that 

\\uAAt) - UAAt)\\oo < 2||UA,(0 -"A.(i- At)||oo 

(•At 

< 4||wo-2||oo + 2Atl|Az||oo + 2 / lj/i(r)||o,dT 

Jo 

+ 2 / \\h{At+T)^h{T)\\^dT, 



which gives the limit m in C{[0,T]; L°°{il)) as At — > 0+. Note that since 

UAt G C{[0,T];Com, the uniform limit u belongs to C{[0,T];Co{n)). Moreover, 
passing to the limit in (|2.27p with t = s we obtain 

\\u{t) - v{t)\\^ < \\uo - z||oo + \\vo - z||oo + / \\r{T) - fc(r)||oodr, 

Jo 

and (jO.Sp follows because we can choose z arbitrary close to i;o- Finally, if Auq G 
L°°{fl) and h G W^'^{0,T; L°°{fl)) and if we assume (without loss of generality) 
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that t > s then with z ~ vq = u{t — s) and (r, k) = {h, h{- + t — s)) in the last above 
inequaUty we obtain 



At 



\u{t) - u{s)\\oo < \\U0 - U{t - S)\\^ + / \\h{T) - h{T + t - S 



\\AU0 - h{T)\\oodT + / \\h{T) - h{T + t - s)|loodT 



\h{0) - hiT)\\^dT 



(2.29) 



< 

< (t - s)\\Auo ~ h{0)\\^ + 

\\h{T)-h{T + t-s)\\^dT 

< {t - s) I {\\Auo - h{0)\\^ + 



f 


d/i(r) 


dr j 


Jo 


dt 


OO / 



Note that the second above inequahty is obtained from (|0.5p with v ~ u^, k ~ Auq 



da 



and the last above inequality is obtained from /i(t) — /i(t + 1 — s) = 
together with Fubini's Theorem. Dividing the expression (|2.29p by \t — s|, we get 
that u is a Lipschitz function and since ^ S L^{Qt), passing to the hmit \t — s\ 

as s — > t weakly in L^{Qt) and *-weakly in L°°{Qt)- 



we obtain that 
Furthermore, 



, du 
dt 

du 
'dt 



< liminf 



\u{t) — u{s)\\ 



Therefore, we get u e W^^°°{0,T; L°°{n)) as well as inequality 

3. Proofs of Theorems MM \OAOl [0TT2] and of Proposition MM 



□ 



We start this section by the proof of Theorem 10.61 We use the following pre- 
liminary result which gives the validity of the weak comparison principle for sub- 
homogeneous problems and then forces uniqueness of solutions. 



Theorem 3.1. Let 1 < r < +oo, g : Q x 



be a Caratheodory function 



bounded below such that ^^^-f^ is a decreasing function in for a.e. x S fi. 
Let u e L°°(17) n W^'''{n), v e L°°(17) n Wo'^'in) satisfy u > 0, V > in n, 
u^~^ dx < +O0, v^~^ dx < +00 and 



ArU < — T + g{x, u) weakly in W ^' ' -i (fJ) 



and 



1 



- g(x,v) weakly inW ^'■^-'^{Q,). 



Suppose in addition that there exists a positive function uq G L°°(r2) and positive 
constants c, C such that cuq < u,v < Cuq and 



(3.1) 

Then, u < v. 



\g{x,cuQ)\uQdx < -f-oo, 



\g{x, Cuo)\uodx < +oo. 



Proof. First, for e > 0, we set Ue '= u + e and v 



ideas in Lindqvist [21] (see also Drabek-Hernandez 



e. Following some 
) we use the Diaz-Saa 
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inequality (see diaz-Saa [lOj ) in the following way: 
Let 

dof V, - U, 



and ?/' 



,,'■-1 



Setting 51+ = {x G ^\u{x) > v{x)}, we have that (f> > and < in 0+ and 
/ iVwr^VuV^dx < / -^da;+ / g(x,u)(f>dx < +oo, 

/ |Vu|'~"^VwVV'dx < / ^dx+ I g{x,v)tpdx < +O0. 
Jn+ Jn+ Jn+ ' 



Since 



and 



we have 



V0: 



l + (r-l) 



Vu — r 



r-l 



l + (r-l) - 



Vv 



/ |Vur~2VuV0da;+ / \Vv\''-^Wv\/tp dx 
Jn+ Jn+ 



n+ 



l + {r-l) - 



d.T 



« -OdVlogWeT - iVlogUeDdx 



— / rv^jVlogUf I'' ^VlogWe(VlogUf — VlogU(:)da; 

— / ru^|VlogVe|''^^VlogUe(Vlogiie — VlogWe)da;. 
Jn+ 

If r > 2, then using the following well-known inequality 



|w2r > l^iT' + rlwil'' Wi{w2 - Wi) + 



\W2 - W'll 

2'-i - 1 ' 



for all points wi and W2 G K^, we get that 

/ \\/u\'-^Vu\/(j)dx+ I \Vv\''~^\/v\7iljdx 
Jn+ Jn+ 

> [ «-<)(iviog7.,r-|viog«,r)dx 

Jn+ 

VlogWe - VlogUel'' ^ 



+ J^^^ (^<(|Vlogu,r - |Vlogt;,r) + J 2r~^~l 

+ /^^ (<(iviog..r - iviog..r) + iviog^^. - viog..r ^^^ 

> , / iVlogUe - Vlogit,r« + Oda; 

If 11 

= - — ^ / — VfVuA^ ( 1 )dx. 
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If 1 < r < 2 then using the foUowing inequaUty (with some suitable C{r) > 0) 
\w2r > \wi\^ + r\wi\'-^wi{w2 - wi) + Cir)- l^2-wi|2 



i\wi\ + \w2\r-' 

for all points wi and W2 G K^, the last term of the above inequality dealing with 
r > 2 is replaeed by the following term 

L (|Vlog..| + |Vlog..|)-^("^ + 

In the right hand side, we get: 

Ja+ (u^ +9{x,u)^ (j)dx + J^^ ^-^ + .g(a;,u)^ ipdx < 



{ul — v^) dx. 



Then, since — ^-1, — — j-lase— >0+ a.e. in il, we get from p.ip and the 
Lebesgue Theorem 

lim / {g{x, u)(f> + g{x, v)ijj) dx < 0. 

By Fatou lemma and using the above estimates, we obtain that juVw — uVu| = 
a.e. in 17+ from whieh we get that on eaeh connected component set O of f2+ , there 
exists fc e M such that u = few in O. From 

[ iVwI' da; = fc'' / |Vt;rda;< / {k^'^v^-^ + g{x, kv)kv) dx, 
Jo Jo Jo 

¥ [ \Vv\''dx>k'- [ {v^-^ +g{x,v)v)dx> [ {k^'v^'^ + g{x,kv)kv) dx 
Jo Jo Jo 

we get A; < 1 which implies that m < w in and from the definition of , u < v 
in n. □ 



We now prove Theorem 10.61 

Proof. For < af < £ < Xi{n), A > large enough and < 77 < M let 
define: 

V if(5<l, 

A 



(3.2) cj)='> (/,i(ln(^)l^ if,5=l, and u^r^^b. 



6f-'+' if(5>l. 



with V a positive solution of 

/ -Ar,u = £uf^^ + in rj, 

< u° 

{ u = on dfl. 

The existence of V follows from similar minimization and cut-off arguments given 
in Giacomoni-Schindler-Takac [m proof of Lemma 3.3, p. 126]. Note that 
from £ < Ai(r2), the associated energy functional is coercive and weakly lower 
semicontinuous in W(J'^(r2) and from Lemma A. 2 in |15j Gateaux-differentiable in 
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Wo'P(r2). From Lemma A.6 and Theorem B.l in [15] and since S <1,V e C^'^'in) 
for some < a < 1. 

r MV if S <1 

(3.3) u=\ MMH^)^) ^fS=l 

[ M(0i+0) tfS>l. 

We verify that ueC,ueC. Let L > such that -L < f{x, s) < is^-^ + L. We 
verify that for M > large enough for ij > small enough we have 

—ApU J < —L in ri, u = on dfl, 

u" 

and 

-ApU - ^>euF~'^ +L inf7, u = on dVl. 
u 

We distinguish between the following two cases: the case where 6 <1 and the 
case where 5 >1. In the first case, the solution u G WQ^'''(r2) to (Q) can be obtained 
as a global minimizer in Wo'P(n) of the functional E defined below at u e Wo'^(f^): 

£;(w)1|fi ( |Vw|Pdx- / G(a;,v)dx- / K{x,v)dx, 
P Ja JQ Jn 

where for any t > 

d f /"* d f /"* 

G{x,t) = / g{x,s)ds, K{x,t) — / k{x,s)ds, 

Jo Jo 
and g, k are the cut-off functions defined by 

, , dot f v(x)~^ ii v(x) > u(x), 
g(x,v(x)) = < ; - ^ T 

' ^ [ u{x) " otherwise, 

and 

[ f{x,u{x)) \iv{x) <u{x), 
k{x,v{x)) = < f{x,v{x)) ii u< v{x) <u{x), 
[ f{x,u{x)) iiv{x)>u{x). 

Notice that the method of proof of Theorem 10.41 when S < 1 does not apply here 
because F{x,v)dx with F{x,t) — f{x,s)ds is not convex in v. That is the 
reason why we introduce the above cut-off function. Since / satisfies (jO.ip . E is 
coercive and weakly lower semicontinuous in WQ'^(f2). Using the compactness of 
any minimizing sequence {un} in LP{n) and the Lebesgue theorem, we can prove 
the existence of a global minimizer u to E. From Lemma A. 2 in [15j . we have that 
E is Gateaux-differentiable in u and then u satisfies: 

-ApU — g{x,u) — k(x,u) in 

u = on dil. 

Thus, from the weak comparison principle, we first get that u < u and then that 
g{x,u) = . Finally, still from the weak comparison principle we also obtain 
u <u from which we get k[x, u) = /(x, u) and u Cz C. 

Now, we deal with the second case. We use the following iterative scheme 

-ApM„ \- + KUn = ,f{x, Un-l) + KUn_i in Q., 

Un — on 



A SINGULAR, PARABOLIC EQUATION: EXISTENCE, STABILIZATION 



21 



with uq u and K > large enough such that t — > Kt + /(x, t) is non decreasing 
(thanks to the uniform local lipschitz property of /) in [0, ||w||ioo(s^)] for a.e. x G ft. 
Note that the iterative scheme is well-defined and produces a sequence of element 
Un £ WQ'^{rt) n C n Co{fl). From the weak comparison principle, we have that 
(it„)rieN is a monotone increasing sequence such that m„ < u. Then u„ t u in 
Co(f2)nC and using the equation satisfied by m„ we deduce that (u„)„gN is a Cauchy 
sequence in Wg'''(0) and then converges to u in WQ'^(ri). Thus, by passing to the 
limit in the equation satisfied by m„ we obtain that u is a solution to (Q). Finally, 
the uniqueness of u follows from Theorem 13. II □ 

We now give the proof of Theorem 10.101 

Proof. Let T > 0, iV e N* and At =^ ^. Following the main steps of 
the previous section, we are interested in constructing the sequence (w")„gN C 
L°°{n) n Wo'^{n), solutions to 

(3.4) - At (^Apu^ + = At/(x, 7."-^) + in n. 

Applying Theorem l0.4l for each iteration n and since uq ^ C H WQ'^{n), we get the 
existence of (u„)„gN C C H Wg^'^(f2). In fact, the previous inclusion is uniform in 
Af. Indeed, since uq £ C we can choose u and u defined by p.2p and p.3p with 
77 > and M > large enough so that u < uq < u. Then with / > —L the weak 
comparison principle guarantees u < u„ < u, with u and u independent on At . 
Next, let and defined by (|2.4p and set UAt(^) = mq if ^ < 0. Then 

is satisfied with hA^it) fix,UAt{t - At)) on [0,T]. Notice that from 
G [u,u] and t — > f{x,t) continuous on [u,u] it follows that /lAt(^) is bounded 
in L°°{Qt) independently on n. Then by similar energy estimates as in the proof 
of Theorem 10.71 we get that 

^eL^(Q.), 

(3.5) "At, UAt e L°°{Qt), 

eL-(0,T; W-'-P'm, 

\\uAt -uaAlhci) < C(At)i 

uniformly on At. Then, taking At 0, it follows that there exists u £ X°°(0, T; W^'^ifl) 
such that u G L°°{Qt) and, up to a subsequence, we have 

UAt, UA, ini°°(0,r; W^'^in)) and in L°°(Qt), 

mL(QT). 

Using similar arguments as in the proof of Theorem 10.71 we get for 1 < g < +00, 
(3.7) UA,,UA,^u uiL°°{0,T] L^n)) and u e C{[0,Tl L\n)). 
Moreover, if A' > denotes the Lipschitz constant of / on [u, u] we have 

\\fix,UAAt - At)) - fix,um\LHn) < KWuA^t - At) - umLHn), 
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and from dSJl) we deduce that /ia^ = /(x, wa^ (— At)) ^ /(x, m) in L°°(0, T; L^in)). 
Then by following the steps at the end of the proof of Theorem 10.71 we obtain that 
u is a weak solution to (Pt) in V((5t)- 

Next, let us prove that such a solution is unique. For that, let w be a weak 
solution to (Pt) in V((5t)- Since f{x, ■) is locally lipschitz uniformly in ft, it follows 
that 

1 f'^ 

^11" - ^^1112(12) - / < ApU~ ApV,u~v >dt 



u) — /(x, v))Ax(lt 



< C f f \u~v\^dxdt 
Jo Jn 



which implies together with the Gronwall Lemma and (jl.3p . that u = v. Finally, 
as in the proof of Theorem 10. 7[ we can prove that u G C([0, T]; Wq '^(f^)) and that 
u satisfies (|0.7p . □ 



Wc now give the proof of Proposition [0?2l 

Proof, (i) is the consequence of (|0.5p together with the fact that / is locally 
lipschitz and the Gronwall Lemma. 

Regarding assertion (ii), we follow the DroofofProposition lO.il Assume without 
loss of generality that t > s. Then, 



|lu(t)-u(s)||L«=(0) < ||uo-w(i-s)||i^(n)+ / ||/(x,it(r))-/(x,it(r+<-s))||Loo(Q)dr. 
From assertion (i) and the fact that / is Lipschitz on [u, m], it follows that 

\\u{t) - u(s)||l^.(o) < \\uo - u{t - s)llioo(o) +u} e"^dr||uo - u{t - s)\\l^(^q) 

<e"*||wo-u(i-s)||L~(f2). 
Now, we estimate the term \\uo — u{t — s)||loc(o) in the following way: 

||uo - u(i - s)||ic»(o) < / ll^uo - /(a;,u(T))||L«.(n)dT 

< (t - s)|1Amo - /(x, Mo)||L~(n) +w / lluo - '"(T)||L~(n)dr. 

Jo 

From Gronwall lemma, we deduce that 

\\uQ-u{t- s)\\L^i^a) < {t - s)e"^'-'^\\Auo - f{x,uo)\\L^(n) 

Gathering the above estimates, we get 

\\u{t) - u(s)||ioc(Q) <{t~ s)e'^*\\Auo - /(x,iio)||L=-(0)- 

Then, the rest of the proof follows with the same arguments as in the proof of 
Proposition 10.11 □ 

To end this section, we prove Theorem 10. 121 
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Proof. Let u, u e C n Wg^'^(ri) n C{Q) be the subsolution and supersolution 

to 

M = on dil. 

which are defined by p.2p and (|3.3p where ry > is small enough and M > is 
large enough so that u<uo<u. Note that it is possible since mq £ C fl Wg '''(^^). 
Thus, let u the solutions to (Pt) and mi, the solutions to (Pt) with initial data 
uq = u and ui^ — u respectively, see Theorem 10.101 From (|3.2p and (|3.3p , we have 
that 

— r-rTL°°(^) 

(3.9) u,ue V{A) 

Indeed, let /,g e M^"^'5*r(f7) defined by / =^ < 0, 5 =^ > and 
('i*n)nGN, ('yn)nGN two sequcuces of 'D^A) dcfiucd by 

Aun = fn '= max{/, -71}, Avn = gn '= min{.g, n}. 
From the weak comparison principle, we have that (u„)„gN is nonincreasing and 
(w„)„gN is nondecreasing. Moreover, since /„ — > / and g„ — > g in W^^'~p^ {Vl) as 
71 — !• +00, u„ — > u and — s- u in ^^□'^(^l) as 71 ^ +00. Therefore, 
and Vn — > u a.c. in £7 as 7i ^> oo. Consequently, using Dini's Theorem, we 
get that Un u and v„ — !> u in L°°{Vl) as n — > +00. From p.9p and Theo- 
rem [U^ni we obtain that uiit) and W2(i) G (^([0,7]; Co(ri)). Furthermore, since 
u, u E C are subsolution and supersolution respectively to (j3.8p . we have that 
the sequence (it")„gN (resp. {u")neN) defined in p.4p with uq = u { uq ^ u 
resp.,) is nondecreasing (nonincreasing resp.,) for any < At < 1/K where K > 
is the Lipschitz constant of / on [m, m]. Moreover, the sequence (M")„gN defined 
by p.4p satisfies m" < u" < U" and it follows that ui{t) < u{t) < U2{t) and 
that t — ui{t) {t — ?> U2{t) resp.,) is nondecreasing (nonincreasing resp.,) and con- 
verges a.e. in f2 to u"^ {u^ resp.), as t oo. From the semigroup theory we 
have uf = fimt'-^+oo S{t' + t){u) = S{t){ lim S{t')u) ^ S{t)u^ and analogously 

uf = S{t)u^, where S{t) is the semigroup on L°°{Q) generated by the evolution 
equation, and then u"^ and are stationary solutions to (Pt). From Theorem lO.61 
we get that = = Uoo G C{^1). Therefore, from Dini's Theorem we get that 

(3.10) ui{t) — > Moo, U2{t) — > Uqo in L°°(fl) as t ^ 00, 

and then (|0.8p follows since ui{t) < u{t) < U2{t). □ 

4. The non degenerate case: p = 2 

We start by proving the first part, as well as points (iv) and (v), of Theorem 
10.131 namely: 

Theorem 4.1. Let 0<S,T>0, uqGC and let f satisfy assumptions in Theo- 
rem 1 0. _? Ol Then there exists a unique solution u G C([0, T]; L^(ri)) r\L°°{QT) such 
that u{t) € C a.e. t € [0,T], in the sense of distributions to 

ut — Au T = fix, u) in Qt, 

u° 

u = on Yjt, w(0) = uo *^ ^■ 
Moreover, points (iv) and (v) of Theorem 1 0. 1 3\ are satisfied. 
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Proof. First, for g e L°°{Qt) let us prove the existence of a weak solution 
u e C([0, T];L^{Q)) n L°°{Qt) in the sense of distributions to 

ut~ Au - ^ = g in Qt, 
u = on Ey, u(0) = uq in VL. 

Since uq G C, for any e > there exists S Co(il) H i?o(f^) in the form (jl.Sp and 
(|1.7p with p = 2 if (5 > 1 and = 7701 if (5 < 1 (with 77 > small enough) such that 
Ht ^ Uq and 

In addition, there exists u in the form given by p.3p such that uo < w and verifying 

-Au - ^>\\g\\Lo=.{Qj,) inl^. 

Then following the method and using estimates from Section [T] (in particular (|2.6p 
with p ~ 2), we can prove the existence and the uniqueness of a positive solution 
u, e L°°{Qt) n L2(0,T; H^{n)), satisfying < u, < u, to 

ut- Au- - — 3_ ^ g in g^,, 
(w + e)" 

u = on St, ■'^^(O) = uq in fi. 
From the weak comparison principle, we get that that if < e < e then < ui 

dcf 

and + e < u^ + e. This last inequality is obtained by remarquing that — u^ + e 
and vi ug + e obeys 

{vi - v,)t - A{vi - We) - + j-^ = in Qt, 

[vzy (We)" 
- We < on St, and We(0) - We(0) < in r2. 

It follows that (uc)c>o is a Cauchy sequence in L°°{Qt) and there exists u e 
L°°{Qt) satisfying u lim < u < u and such that Ue — !• u in L°°{Qt) as 

e — > 0^. Therefore, u is uniformly in C. Then, passing to the limit as e — 0^, 
it is easy to get from (|4.3p that m is a solution in the sense of distributions to 
(|4.2p . Finally, since (we)e>o is also a Cauchy sequence in L°°(0,T; L^(ri)), and 
since one has Ue G C([0,T]; L^(^2)) (by regularity results for the heat equation) 
then u G C([0,T]; L^(ri)). To prove the uniqueness of u, let us suppose that 
V e L°°{Qt) n C([0,T],L2(ri)), ^(t) G C a.e., is another solution (in the sense of 
distributions) to (|4.2p . Then su bstracting the equation satisfied by v to ()4.2p and 
doing the dual product in ff^(f2) n HI{VL) with (-A)"^(u - v) yield 

+ 2||ii(t)-i;(f)||i.(,j) 

where || • \\H-^Q.) '= ^((-A)-i • |-)i/i(0),if-i(n) is a norm on i7-i(r2). Note that 
from Hardy's inequality the last above term is well-defined since for a.e. t G [0,T] 
we have {-Ar\u{t)~v{t)) G H^{n)r\Hl{a) {u{t), v{t) G C implies G 

ir-i+''(f7) c {H^{n) n Hl{n))' for O < ?y < because H^'^in) is a subset of 
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H'^{Q) n Hq{Q) (see Grisvard [l^ and Lemma ()4.8p below), and it is positive 
since (— A)^^ is monotone. Then integrating over (0,r) and taking into account 
m(0) v{0) = Mo e H-^{n) yields u = v. 

Let us now prove the existence and uniqueness of the solution to (j4.ip . For 
that we now consider u, u defined by p.2p . (j3.3p (subsolution and supersolution 
to the stationary equation (|4.2|) . rcsp.) and obeying u < uq < u. For zi, Z2 in 
{u<u<u}ri C([0,r]; L^{fl)) we consider ul (resp. u^) the solution to (Pe.t) for 
g = f{x, zi) (g = /(x, Z2), resp.). By multiplying by ul — the equation satisfied 
by ul — u^, integrating over (0,i), and taking into account that f{x, •) is lipschitz 
in [0, Halloo], we obtain 

ul{t)-ul{t)fdx + 2 [ [ \V{ul-u^jfdxdt<2oj [ [ \zi{t) - Z2{t)fdxdt, 
n Jq Jn Jq Jn 

for a positive constant uj > depending on ||tl||oo but not in zi, Z2. From the 

weak comparison principle we deduce that < < u. i = 1, 2, and by passing 

to the limit e — >■ 0+ we obtain that the solution to (|4.2p for g — f{x,zi) (resp. 

9 = f{x, Z2)) obeys: 

(4.4) 

u^{t)-u^{t)\'^dx <2uj I I \zi{t)~ Z2{t)\'^dxdt and m < < u, i = 1, 2. 
Jo Jn 

Then by applying the fixed point Theorem in {u < u < U} n C([0,T]; L^(f2)) for 
T = T(||u||oo) > small enough, we get the existence of a weak solution (in the sense 
of distributions), u^{u<u< u}f^C{[G,T]\ L'^{Vl)), to dHU). Thus, since f{x, ■) is 
lipschitz in [0, ||m||oo], we can extend u in [0, +00) and u G C([0, +00); L^(f2)). Note 
that the uniqueness of the solution is an obvious consequence of (|4.4p . Finally, if u\ 
is the solution to ()4.3p with uq = Mo,i and g = f{x, Ui), i = 1,2, then by multiplying 
by ul — u^ the equation satisfied by ul — u^ and integrating over (0, t) we obtain: 

\ulit) -ul{t)\^dx + 2\i ( [ \ul-ul\^dxdt < 
Jo Jn 

{f{x,ui)-f{x,U2)){ul-ul)dxdt + / (uo,i " wo,2)^dx. 



Jn 



where Ai > is the first eigenvalue of the Dirichlct Laplacian (J^ jVzpda; > 
Ai |zpdx for all z G HQ{n)). Then (|0.10p is obtained by passing to the limit 
e — >■ 0+ and by applying Gronwall Lemma. □ 



Next, we discuss the regularity of solutions to (|4.2|) . Precisely, we prove the 
following result: 

Theorem 4.2. Under the assumptions of Theorem \4- ■ 1[ V?7 > small enough, we 
have that any solution u to (|4.2p satisfies: 

(i) ifS<l anduo eCr\H^-'^{n), then u G{[Q,T]; H'^-'i(Vl)); 

(ii) if \<5 <l andua ^Cr\Hi~^'"'i{VL), then u G C([0,T]; iji-'^-''(f])); 

(iii) if5>l anduo e C (1 H^+^-''{n), then u e C{[0,T]; H^ + ^-''i{n)). 

To prove Theorem 14. 2( we will use the interpolation theory in Sobolev spaces 
(see Grisvard |17j . Triebel |28| ) and Hardy inequalities. In this regard, we 
adopt the following notation: let X, Y be two banach spaces, by X C F we mean 
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that X is continuously imbedded in Y . Let us recall some definitions and properties 
of interpolation spaces theory (see Triebel |28j for more details): 

Definition 4.3. Let A^, Ai be two Banach spaces. For ^ (0,1), 1 < q < oo, 
following the A'- method due to J. Peetre, wc can define the following interpolation 
space: 

and for q ~ oo, 

{Ao,Ai)g^oo = \a e Aq + Ai\\\a\\(^Aa.Ai)e sup t~^K{t,ay <oo 

i ' 0<t<oo 

with 

K{t,a)'^^^ inf (||aolUo + ^llailUJ ior a e Ao + Ai. 

a— ai+a2 

Remark 4.4. Classical examples of interpolation spaces are the Lorentz spaces 
LP'^ifl) = (ii(17),L°°(17))p-i _^ and LP'°°(r2) known as the weak L^-space of Mar- 

cienkewicz (note that LP-P{i}) = LP{n)). 

We now recall some properties satisfied by interpolation spaces that wc will 
use in the proof of Theorem S^l] (see [HI Thm. 1.3.3.1, Par. 1.3.3, p.25 and Par. 
1.12.2, Thm 1.12.2.1, p.69]): 

Proposition 4.1. Let Aq, Ai be two Banach spaces. Let e (0, 1), 1 < q < oo. 

Then, 

(i) AonAiC{Ao,Ai)g,qCAa+Ai and {Aq, Ai)g^g = (Ai, Ao)i^e,q; 

(ii) if q < q < oo, then 

(Ao,Ai)e,l C {Ao,Ai)g^q C {Aa,Ai)g^q C {Aq, Ai)g^oo; 

(iii) if Ao C Ai, then for 9 < 9 < 1, 1 < q < oo, {Ao,Ai)g^q C {Ao,Ai)gj^ 
holds; 

(iv) 3cg^g such thatya € AqH Ai, \\a\\(^Ao,Ai)e,g < ce,,||a||^^^||a||^^. 

(v) (Duality Theorem) If Aq Cl Ai is dense both in Aq and Ai then 

{AQ,A,y,^^^{A'„A\)g^_^. 

(vi) (Interpolation Theorem) Let Bq, Bi he two Banach spaces. If L is a linear 
continuous mapping from Aq to Bq as well as from Ai to Bi then L is 
linear continuous from (Aq, Ai)g^q to {Bq, Bi)g_q. 

Finally, we give the definition and some basic properties of the space of traces 
introduced by J. L. Lions (see triebel [28] and Benssoussan-Da Prato- 
Delfour-Mitter (5. for more general details): 

Definition 4.5. Let Xq, Xi two Banach spaces such that Xq C Xi (densely). For 
1 < g < oo, let Wq{Q, oo,Xq,Xi) and T{q, Xq,Xi) the Banach spaces 

Wq{0,oo,XQ,Xi) {u e L?(0,oo; Xo)|ut G i«(0,oo; Xi)} , 

equipped with the norm (/p°° + ||^^di) ' and 

r(g,Xo,Xi)1^'{a;GXi : 3u G W,(0, oo, Xq, Xi), w(0) = x} , 
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endowed by the norm 

\\x\\T(q,x^.x,) inf {||m||m/,(o,oo,Xo,Xi) : "(0) = x] . 

The space of traces T{q, Xq, Xi) (under the assumptions given in Dcfinition l4.5p 
has the following properties (see [Ml Thm. 1.8.2.1 (2), Par.1.8.2, p.44] or O Part 
II, Chap. 1, Par. 4.2]): 

Proposition 4.2. Assume that the eonditions given in Definition \4-5\ hold. Then, 
we have: 

(1) XoCT{q,Xo,X,)ciX,; 

(2) ueCi[0,oo);T{q,Xo,Xi)) for any u eW,{0,oo,Xo,X,); 

(3) (Equivalence Theorem) letO < 9 = ^ < 1, thenT{q, Xq, Xi) ~ {Xo,Xi)e,q. 

We recall now some basic facts about fractional powers of —A with domain 
P(-A) ij2(Sl)niJi(r2), i.e. (-A)'' with domain V{{-Af) in L^{n) for 9 G [0, 1] 
(see for instance [HI Par. 1.15.1, p. 98 and Par. 1.18.10, p. 141] or [22l Chap. 2, 
Par. 2.6] for the definition): 

Proposition 4.3. Let 9 G [0, 1]. 

(1) Vii~Ar)^iV{A),LHn)),^o., 

( H^%n) if0<9< 1, 

(2) V{{-Af) = { H^n) ^f9^\, 

y H^'in) tf\<9<i. 

where H^n) =^ {w G H^n)\d{x)-iv G L^{n)}. 

(3) — A^ is an isomorphism from I?(— A) onto T>{{'~A)^~^) as well as from 
L^{n) onto {V{{-Ay)Y (the dual space o/ (2?((-A)''))). 

Remark 4.6. Note that since we are in a Hilbcrtian framework, the real inter- 
polation space (2?(A), i^(r2))i_6).2 coincides with the complex interpolation space 
[ViA),L^n)]i^e; see [Ml Par. 1.9, p. 55 and Par. 1.8.10, Rem. 3 p. 143]. 

Proof. The first point follows from the fact that —A is positive and sel- 
adjoint, see j28l Thm. 1.18.10.1, par. 1.18.1 p. 141]. The second point is a conse- 
quence of the characterization of (iJ^(O) n iJg (fi), L'^{n))i-g^2 obtained from [281 
Thm. 4.3.3.1, Par. 4.3.3, p.321] or from [16]. The first part of the last point fol- 
lows from |28[ Thm. 1.15.2.1, p. 101] and the second part is deduced with a duality 
argument (combined with the self-adjointness of —A) from the fact that —A is an 
isomorphism from 2?((— A)^) onto L^(ri). □ 

For 1 < q < oo, setting the Banach space 

-^-^.e.T =V,(0,r; P((-A)i-«), (2?((-A)^))'), 
we have the following result: 

Lemma 4.7. Let 9 G [0,1) and q > let Lt the linear operator defined by 

Lxif) z, where z is the solution to 

( zt-Az^f iuQt, 

1 z ~ Q on Yjt\ z(0) = m ri. 

Then Lt is a hounded operator from L''{Q,T; (P((— A)'')') into Xq^^x o,s well as 
from LnO,r; (P((-A)«)') into C([0,r], P((-A)i-«-i)). 
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Proof. Since (—A) generates an analytic semigroup, denoted by e*"^, in L?{VL), 
then Lt is a continuous operator from L9(0, T; L'^{Vl)) onto Wq{Q, T; r>(-A), L'^{Vi)) 
(see [?, Par. 4.2]). Therefore, since (— A)^ is an isomorphism from P(— A) onto 
2?((-A)i-^) and from L^{n) onto ^((-A)^)' and from the fact that (-A)" and 
L commute, the first statement of the Lemma follows. We prove now the second 
statement. Let T' > T and set 

leL-iQr-) defined by />,.){ f;^^^ 

and u Lt'(/). Then, we define the extension function ui(t, •) = u{t, ■) if i < T' 
and ui{t, •) = otherwise. We have that ui\q^ = Lrif) = u. Let x ■ — > IR+ 
be a smooth non-increasing function such that x = 1 on [0, T] and % = on 
[T', +oo). Then, for u € Xq g^x we have x^i S <V(j.6(,oo- Thus, from Proposition 221 
XUi G C([0,4-oo), (2?((-A)i-«),(P((-A)''))')i J and therefore, 

u e C([0,r], (P((-A)i-«), (2?((-A)«))')i J. 

q 'y 

Furthermore, from the interpolation Theorem we have 

(2?((-A)i-'^), (P((-A)«))')i^^ - (-A)« ((P(-A),i2(0))i J 
and from Propositions 14.11 and 14. 3[ we get 

g 'y g ' q ' 

From above, it fohows that 

□ 

Let us also recall the following Hardy type inequalities which can be obtained 
from [m Par. 3.2.6, Lem. 3.2.6.1, p.259]. 

Lemma 4.8. Let s G [0,2] such that s ^ ^ and s ^ |. Then the following 
generalisation of Hardy's inequality holds: 

(4.5) \\d-'g\\L-Hn) < C\\g\\HHn) for all g G H^ift). 

We now prove Theorem 14.21 

Proof. First, notice that with the notation of Lemma [4.71 the solution u of 
(|iT|) obeys 

u{t) = e^*uo + Lt(^^ + fix, u)j it). 

In the following we suppose that < i] < j^. li < 5 < ^ then since u e C 
we have = Q( ^^^^ ) and it implies that + fix,u) G L'^i^l). Then using 
Lemma |4J] we obtain Lt(^ + fix,u)) G Ci[Q,T],H^-^iVL)). li \ < 5 < \, then 
from u G C wc have = ^(Jp') ^-'^'^ Lemma l4.8l it implies that + fix, u) G 

C([0,T], iHl^^-^hm) = C'([0,T], (P((-A)i-HS ))') (since | - i + f g (0, |)). 
Then Lemma SJ] with q | gives iT(:^ + /(a;, w)) G C([0, T], ifi-''-''(r2)). Next, 

if (5 > 1 then by LemmaSHwe have ^ + fix,u) G C([0,T], (i7(f^"^^^ (17))') 
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C([0,T],(2?((-A)^-3+5))') (since " i + f ^ i^^l))- Therefore, using 
Lemma [4J] with 9 = | we get that Lt{:^ + fix,u)) £ C([0, T], iJ^~^-''(f])). As 
a consequence, if uq G X,-/ defined by 

r H^-"in) if(S < i, 

(4.6) X,, = i i/i (17) if i < (5 < 1, 

I i/3-^-'?(l]) ifl<^, 

then i ^ u{t) ^ e^^uo + Lri-^ + fix,u))(t) £ C{[0,T],Xn). □ 

Then Theorem 10.131 follows from Theorems 14.11 and 14.21 We end this section by 
proving Theorem 10. 151 

Proof. Let <5 < 3 and uq e H^i^) nC. Then, from Theorem [OH Theo- 
rem l0.12l and Thcorcm l0.13l the solution to (|0.9p is unique, belongs to C([0, +00), i/p (SI)) 
and satisfies u < u <u (with u, u as in the proof of Theorem lO.131) . and 

u{t) ^ Uoo ini°°(fi) as t — > +00, 

where u^o is given by Theorem 10.61 with p = 2. To complete the proof of Theo- 
rem |0lT5l let us show that 

(4.7) u{t) u 00 \nHl{9?) as t +00. 

For that, let < 77 < min(i, 2{i+s) ) ^^"^ note that defined by (|4.6p is compactely 
embedded in Hl{H). Moreover, for any t > 0, using Lemma [4.71 as in the proof of 
Theorem 14.21 and the fact that uq G C n 7Jg(r2), we have for t' > t, 

(4.8) t' ^ S{t')uo = e*'^uo + i*'(^ + fi^. u)) e C{[t, +^), X^), 
and since u < u < u, 

(4.9) sup \\u{t)\\x^ < +00. 

[t. + Qo] 

From the compactness embedding of in i?o(ri) together with (|4.9p . (|4.7p follows. 

□ 
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